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There is evidence that Newton and Einstein’s theories of gravity cannot explain the dynamics
of the universe on a wide range of physical scales. To be able to understand the properties of
galaxies, clusters of galaxies and the universe on the whole it has become commonplace to invoke
the presence of dark matter. An alternative approach is to modify the gravitational field equations
to accommodate observations. We propose a new class of gravitational theories in which we add
a new degree of freedom, the Aether, in the form of a vector field that is coupled covariantly, but
non-minimally, with the space-time metric. We explore the Newtonian and non-Newtonian limits,
discuss the conditions for these theories to be consistent and explore their effect on cosmology.
Despite the tremendous successes of contemporary cos-
mology, there is a nagging problem that refuses to go
away. If we try to measure the total gravitational field in
the universe it far surpasses what we would expect from
the mass that we can directly see. This is true on a wide
range of scales. On Kiloparsec scales it is well known
that the velocity of objects in the outer reaches of galax-
ies are moving around the central core at much greater
speeds than what one expect from Keplerian motion due
to the stars and gas. On Megaparsec scales it has been es-
tablished that the random motion of galaxies in clusters
is too large for these systems to remain gravitationally
bound due simply to the visible mass. And on tens to
hundreds of Megaparsecs there is evidence for structure
in the distribution of galaxies which should in principle
have been erased by dissipational damping at recombi-
nation, when the universe was a few hundred thousand
years old.
There is a solution to this problem. One can invoke
the existence of an exotic form of matter that does not
couple to light. It is cold and clumps easily to form
bound structures. The dark matter [1] will enhance the
energy density of galaxies and clusters and can be mod-
eled to fit almost all observations. It will also sustain
gravitational potential wells through recombination and
reinforce structure on large scales. A cosmological the-
ory based on the existence of dark matter has emerged
over the past twenty years with remarkable successes and
predictive power [2, 3]. Laboratory searches are under
way to find tangible evidence for dark matter candidates
which go beyond their gravitational effects.
One can take a different point of view. At the mo-
ment, all evidence for dark matter comes from its dy-
namical effect on visible objects. We see dark matter
through its gravitational field. Could it be that our un-
derstanding of the gravitational field is lacking? This
possibility has been mooted before. It has been pro-
posed that the Newton-Poisson equation, ∇2Φ = 4πGρ
(where Φ is the gravitational potential, ρ is the energy
density and G is Newton’s constant) should be modified
to ∇ · [f(|∇Φ|/a0)∇Φ] = 4πGρ where f(x) = 1 in the
strong field regime and f(x) ≃ x in the weak field regime.
In regions of low acceleration, gravity is boosted above
the standard Newtonian prediction and an f can be cho-
sen to fit galactic rotation curves [4]. Recently it has
been proposed that such a behaviour can emerge from
the low energy, non-relativistic limit of a fully covariant
theory (see [5, 6] for various approaches).
In this letter we show that it is possible to modify grav-
ity by introducing a dynamical Aether (or time-like vec-
tor field) with non-canonical kinetic terms. Our proposal
builds on the extensive analysis of Einstein-Aether the-
ories undertaken by Jacobson, Mattingley, Carroll, Lim
and collaborators [7] and follows along a long series of
proposals by others [8]. We will first lay out the formal-
ism for these theories, with the full field equations. We
will then proceed to analyze them in the non-relativistic
regime and show that it is possible to naturally obtain
modifications to Newtonian gravity. The physical consis-
tency of the theory is discussed in the weak field regime
as are constraints from the Solar system. We then briefly
explore the possible impact on the expansion of the Uni-
verse, showing that this modification of gravity can lead
to accelerated expansion at different stages of the evolu-
tion of the universe. A specific proposal for such a the-
ory is presented and we conclude by discussing a series
of open problems.
A general action for a vector field, A coupled to gravity











where g is the metric, R the Ricci scalar of that metric,
SM the matter action and L is constructed to by gener-
ally covariant and local. SM only couples to the metric,
g and not to A. Furthermore we will consider for most
of this letter that A is time-like.
We consider a Lagrangian that only depends on covari-
ant derivatives of A and the time-like constraint. It can
be written in the form
L(A, g) = M
2
16πGN
[F(K) + λ(AαAα + 1)]
K = M−2Kαβγσ∇αAγ∇βAσ
Kαβγδ = c1gαβgγσ + c2δαγ δβσ + c3δασ δβγ (2)
2where ci are dimensionless constants and M has the
dimension of mass. λ is a non-dynamical Lagrange-
multiplier field with dimensions of mass-squared. Note
that it is possible to construct a more complicated K
by including different powers in A and its derivatives.
Indeed it is possible to show that Bekenstein’s theory
of modified gravity [5] is formally equivalent to a the-
ory with such an extended K (though with a more exotic
method of achieving a non-vanishing vacuum-expectation
value for A). We allow for these different possibilities by
deriving a general form for the field equations below.
The gravitational field equations for this theory are
Gαβ = T˜αβ + 8πGT
matter
αβ + λAαAβ (3)











F ′ = dF
dK
Jασ = (Kαβσγ +Kβαγσ)∇βAγ (4)
Brackets around indices denote symmetrization and Yαβ




The equations of motion for the vector field are
∇α(F ′Jαβ) + F ′yβ = 2λAβ (5)




Variations of λ will fix AµAµ = −1. For
our particular choice of K we have Yαβ =
c1 [(∇mAa)(∇mAb)− (∇aAm)(∇bAm)] and yβ = 0.
Having established our general theory, we can now ex-
plore it’s properties in various different regimes. We start
in the weak field, non-relativistic limit. We must ex-
pand both the metric and vector field around a fixed,
Minkowski space background. The constraint equation
very clearly fixes the zeroth order contribution of the
vector field to be Aα(0) = δα0 . Hence we have
gαβ = ηαβ + ǫhαβ
Aα = δα0 + ǫB
α
We will only consider terms which are linear in our pa-
rameter ǫ and restrict ourselves to the Poisson gauge (so
h00 = −2Φ). We have that
∇A = ǫΣ+O(ǫ2) (6)
where Σij = 0, Σ0µ = ∂µΦ and Σi0 = ∂(Φ + B
0) and
(i) indexes the three coordinates, (x
1, x2, x3). Terms in
∇A∇A and ~B are of O(ǫ2) or greater and so can be
ignored in what follows.
The modified Newton-Poisson and vector equations are
2∇2Φ− (c1 − c3)∇.(F ′∇B0)− λ = 8πGρ
2c3∇.(F ′∇Φ) + 2c1∇.(F ′∇(Φ +B0)) = −2λ (7)
The constraint fixes K to be




Taking c1 < 0 ensures that K is positive. We can manip-
ulate the system of equations (7) so as to obtain the field
equation for Φ:
∇.((2 + c1F ′)∇Φ) = 8πGρ (9)
If such a theory is to have∇.(|∇Φ| ∇Φ) ∝ ρ in the limit
of small ∇Φ we have that 2 + c1F ′ ∝ K 12 as K tends to
zero. Integrating we have that F = αK + βK 32 where α
and β are constants. Hence we can construct a theory
with MONDian limit on galactic scales, this holding as
long as we identify M with something of the order of a0
[4].
We find then that, in general, when considering classi-
cal perturbations one is effectively considering a theory
with F ∼ K, as in the Einstein-Aether theory with mini-
mal couplings. This can be used to study the consistency
of these theories in the perturbative regime. Lim [14] has
considered the dominant term in the limit where metric
and vector field perturbations decouple. The vector field
propagates in flat spacetime and allows for a decomposi-
tion of perturbations into spin-0 and spin-1 components.
The requirement that the perturbations can be consis-
tently quantized, that the spin-0 component propagates
subluminally and nontachyonically when quantized, and
that metric perturbations do not propagate superlumi-
nally place the following restrictions on the ci: c1 < 0,
c2 ≤ 0 and c1 + c2 + c3 ≤ 0. Note that such an analy-
sis is by no means complete. It has been shown that a
very restricted class of Einstein-Aether theories do not
have positive Hamiltonians and therefore are inherently
unstable at both the classical and quantum levels [15].
Furthermore we are considering non-linear functions of
K and hence instabilities may arise in non trivial back-
grounds. A more detailed analysis of individual cases for
F is needed yet, first indications are that these theories
are healthy.
The Solar System can supply us with stringent con-
straints on these theories. Accelerations are typically
substantially larger than M (again assumed to be ∼ a0)
and so requiring concordance with observations could
constrain the possible form of F for large K. Poisson’s
equation ∇2Φ = 4πGρ is an excellent approximation in
the Solar System and thus we shall expect the contri-
bution of c1F ′ in (9) to be small. We may expect then
3that F ′ in this limit can be expanded as a power series








where αi are constants.
Consider the leading term α1/K 12 . We would expect
such a term in spherical symmetry to result in a con-




existence of such a term is particularly constrained by
observed bounds on the variation of Kepler’s constant
GM⊙. For instance, observations between Earth and
Mars restrict the acceleration to be less than approxi-
mately 10−9ms−1 [10]. We shall see that α and c val-
ues are typically of order unity so the above is rather
restrictive. Even under the assumption of spherical sym-
metry, the field equations for the theory are enormously
complicated. The inherent nonlinearity in the weak field
limit provided by F ′ presents a considerable challenge
[11]. We note however that the fixed norm constraint on
A will, in the weak field limit, force terms of the form
∇A∇A and ∇∇A to be at most of the order of terms
comprising the components of the Einstein tensorG. For
the limiting form of F ′ given in (10) we expect terms in





cj [∇∇Aand∇A∇A] and higher order derivative
terms suppressed relatively by factors of 1/K i2 .
At Mercury, the ratio |∇Φ|/M is of order 108. Provi-
sionally neglecting terms in F ′ of K− 12 (see above), we
then expect corrections to terms in G in the inner solar
system to be of order 10−16cjαi/ck. It is tempting to con-
clude that two ‘Post Newtonian’ parameters measurable
by inner solar system effects, β and γ, would generally be
expected to deviate from the predictions of General Rel-
ativity by a similar order. Additionally we note that the
asymptotic choices of F are consistent with our assump-
tion that the term
gF
2 as second order in perturbations.
We see that for K << 1, F → |∇Φ|2, and for K >> 1,
F →M |∇Φ|.
This class of modified theories are generally covariant.
This gives us the possibility of exploring their properties
on large scales and in particular we can consider the case
of a homogeneous and isotropic universe in which the
metric is of the form ds2 = −dt2 + a(t)2dx2 where t is
physical time and a(t) is the scale factor. The vector
field must respect the spacial homogeneity and isotropy
of the system and so will only have a non-vanishing ‘t’
component; the constraint fixes A = (1, 0, 0, 0). The
energy-momentum tensor of the matter is of the form
Tmatterαβ = ρUαUβ+P (gαβ+UαUβ) where ρ is the energy
density, P is pressure and we have introduce a four-vector
U which satisfies where gabU
aU b = −1.
The equations of motion simplify dramatically with





where H ≡ a˙a , the dot denotes differentiation with re-
spect to t, and, following [13], we define δ = c1+3c2+c3.
Note that now K is negative, unlike the setting encoun-
tered above. This means that the dynamics of static,
spherically symmetric systems on the one hand and of
relativistic cosmologies on the other probe completely
different branches of F .
The modified Einstein’s equations now become:









+ F˙ ′δH − 1
2
FM2 = 8πGP
Once again these equations are general but we can see in
their structure, interesting posibilities. If we take F = 0,
we recover the standard cosmology. We can do this by
either setting it to 0 or choosing K to have c1 = −c3
and c2 = 0 so that it becomes the Maxwell tensor. We
then have a theory which will modify gravity on galactic
and super-galactic scales but leaves the expansion of the
universe unchanged.
It is interesting to explore the possibility that the vec-
tor field may affect the late time expansion of the Uni-
verse. From Einstein’s equations, we can see that for it
to behave like a cosmological constant, Λ we must have





which we can solve to find: F = αK1/2 − 2ΛM2 . As stated
above,
K must be negative in this regime and hence α = 0.
Now note that for positive arguments of F we have been
equating the mass scale M with the acceleration scale
a0 ≃ 10−10ms−2 ≃ cH0 where c is the speed of light and
H0 is the Hubble constant. If we assume that is also
true for negative values, we find that F is of order unity.
I.e. there is a natural relation between the scale of the
cosmological constant and the fundamental mass scale in
our theory. A choice of such asymptotic behaviour close
to K = 0 does introduce an undesirable discontinuity in
F at the origin; however, as the behaviour in (11) will
lead to an increasing magnitude of K with time, this F
need only hold in the domain |K/3δ| >∼ H0 and does
not inform the desirable choice of F around K = 0.
An altogether different regime may occur at very early
times. We may posit F ∝ Kn for a certain range of K.














and we can solve to find in the radiation era, a ∝ tn/2.
For a positive, large enough n we will have accelerated
expansion. To obtain this regime, we have assumed
Kn ≫ H2/M2, i.e. it must come into play at very high
4expansion rates. If we do not equate M with H0, we are
free to see choose such an F as a possible implementation
of inflation. In such a scenario, as the universe expands,
K decreases and eventually exits inflation gracefully.
The discussion throughout this letter has been general.
We have neither chosen a specific form ofK or F although
we have constrained the asymptotic form of the latter.
It is instructive to pick an example that fits our various
demands. If we choose c1 = −1 ,c2 = 0 and c3 = 1
we will recover the canonical form K = FαβFαβ where
F is the field-strength of the four vector A. A possible
functional form for F is then:
F(K) = 4(K 12 − ln(K 12 + 1))







∇Φ) = 4πGρ (13)
With an appropriate choice of the value of M we recover
the field equation considered in [12], which was found to
give a satisfactory fit to the terminal velocity curve of
the Milky Way. As noted, the choice c1 = −c3, c2 = 0 as
here forces K to vanish in the case of spacial homogeneity
and isotropy. Therefore with this choice of F the Aether
has no influence on cosmological background evolution:
the Aether does not play the role of cosmological dark
matter.
There are a number of theoretical and phenomenolog-
ical issues that remain to be addressed.
For a start, the presence of the non-dynamical
Lagrange-multiplier field λ in the Lagrangian (2) is per-
haps unappealing. Its sole role is to impose the constraint
that Aµ is unit-timelike. The same can be accomplished
by replacing the λ-term in the Lagrangian by a potential
term −V (Aµ), by dint of which Aµ at low energy acquires
a vacuum expectation value such that AµAµ = −1. For
example V (Aµ) = 12µ
4 (AµAµ + 1)
2
, with µ a constant
with dimensions of mass. At energy scales below µ, one
expects that indeed A2 = −1, and that “radial” excita-
tion of A (i.e. of a ≡ µA) will have positive mass-squared
m2a ≃ µ2. So long as µ2 is sufficiently large, the low-
energy phenomenology of this model should be identical
to that of (2). A more exotic possibility is to construct
more complex K which have minima for time-like A. In-
deed the theory proposed in [5] is of this form [16].
Closely related to the previous point is the fundamen-
tal origin of such an Aether. We have kept the discussion
general in the hope that a more fundamental theory of
fields or strings may pin down the form of K and F . In-
deed, the possibility of Lorentz violating vector fields has
cropped up in attempts to extend the standard model of
particle physics. Most notably it has been argued that
such a field may arise in higher dimensional theories as a
low energy by product of string theory [18]. It would be
interesting to explore the range of current candidates for
low energy string theory to find a possible candidate for
such an Aether field. What is clear is that a Lagrangian
of the form we require will not appear from the standard
perturbative approach to constructing effective field the-
ories as in [9]. Non-perturbative effects must come into
play.
We have endeavoured to explore some of the observa-
tional constraints. Preliminary indications are that these
theories are compatible with Solar System constraints.
A more detailed analysis is needed with complete spheri-
cally symmetric solutions that can then be used to calcu-
late the Post Newtonian Parameters [19]. We have also
shown that, as yet there is sufficient freedom in the choice
of F to obtain different cosmological behaviours, from no
effect to early or late time acceleration. The next step is
follow in the footsteps of [20] and calculate the evolution
of linear perturbations. A priori it is unclear whether
perturbations in the Aether will have the same effect as
dark matter in sustaining perturbations through the Silk
damping regime during recombination [21]. Indeed this
may be the most stringent test such theories have to pass
to be viable alternatives to dark matter.
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